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ABSTRACT 

This paper concerns with the problem of obtaining non-zero distinct integer solutions to the  

non-homogeneous cubic equation with three unknowns given )12(2 2233  zzyxyx .A few 

interesting relations among the solutions are presented .Also ,a formula for generating sequence of 

integer solutions to the considered cubic equation based on its given solution is exhibited. 
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INTRODUCTION 

The cubic diophantine equations are rich in variety and offer an unlimited field for research 

[1,2]. In particular, refer [3-22] for a few problems on cubic equation with 3  unknowns for obtaining 

non-zero distinct integer solutions .This paper concerns with yet another non-homogeneous ternary 

cubic diophantine equation given by )12(2 2233  zzyxyx  for determining its non-zero 

non- distinct integral solutions  by employing the linear transformations. A few interesting relations 
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among the solutions are presented. A general formula for generating sequence of integer solutions based 

on its given solution is exhibited. 

Method of analysis 

The non-homogeneous ternary cubic equation to be solved is 

                                  )12(2 2233  zzyxyx                                                             (1) 

Introduction of the linear transformations 

                              0,,,  vuuzvuyvux                                                               (2) 

in  (1) leads to   

                                                       222 3  vu                                                                          (3) 

which is the well-known positive Pell equation .The general solution   ),( 11  nn uv   to  (3) 

is given by 
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where   

       ,)32()32(,)32()32( 1111   nn
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In view of (2),the general solution ),,( 111  nnn zyx  to (1) is given by 
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 ,....1,0,1n                                                  (4) 

A few numerical examples are presented in Table:1 below: 
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Table :1  Numerical examples 

n  
1nx  1ny  1nz  

-1 3    2  

0 11  3  7  

1 41  11  26  

2 153  41  97  

3 571  153  362  

 

From the above Table:1,the following results are observed: 

(i) The values of x  and y  are  both even or odd according as   is even or odd . 

(ii) The values of z  are  even when  is even and alternatively even & odd when  is odd 

(iii) 21   nn yx  

(iv) 331 4   nnn yxx  

(v) 121 3   nnn xzz  

(vi) 323 3   nnn yzz  

(vii) 221 4   nnn yxy  

(viii) 223 2   nnn zyy  

(ix) )(35 1313   nnnn yyzz  

(x) 2312   nnnn yyxx  

Each of the following expressions is a perfect square: 

 )228( 3222    nn zz  

 )2610( 2222    nn xz  

 )2218( 4222    nn zx  

 )2610( 3222    nn yz  

 
)25( 2222    nn xy

 

Each of the following expressions is a cubical integer: 

  )5(35 113333

2

  nnnn xyxy  

  )610(3610 214333

2

  nnnn yzyz  

  )218(3218 315333

2

  nnnn zxzx  

  )610(3610 113333

2

  nnnn xzxz  
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 
 )28(328 214333

2

  nnnn zzzz
 

Employing the linear combinations between the solutions of (1), one obtains integer solutions to special 

hyperbolas and parabolas : 

Illustration 1:  

The pairs of integers  

)5,93(,)610,1812(

,)6101812(,)28,144(),(

11112112

11,112112
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satisfy the hyperbola 222 12XY3  correspondingly. 

Illustration 2:  

The pairs of integers  

)25,93(,)2610,1812(

,)26101812(,)228,144(),(

2222113221212

2222,11322212
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

nnnnnnnn

nnnnnnnn

xyyxyzzy

xzzxzzzzYX

satisfy the hyperbola 22 12XY3   correspondingly.
 

 

Generation of Solutions: 

The process of obtaining a formula for generating sequence of integer solutions based on the 

given solution is presented below: 

Let  ,00 ,vu    be any given solution to (3).  

           Let  11 ,vu
 
given by 

,2 01 uhu  01 vhv 
                                                                    (5)            

   
be the

nd2 solution to (3). Using (5) in (3) and simplifying, one obtains 

00 64 vuh   

In view of (5), the values of 1u and 1v are written in the matrix form as  

   
   tt

vuMvu 0011 ,,   

where 
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and t  is the transpose 
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The repetition of the above process leads to the thn solutions nn vu ,
 
given by 

   tnt

nn vuMvu 00 ,, 
                                                              (6)                                                                     

 

 Now , if qp, are the distinct  eigen values of M, then 

347 p , 347 q  

We know that 
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 22I  Identity matrix 

and  in view of (6),one obtains the values of nn vu , . Employing (2) ,the values of  

nnn zyx ,,  satisfying (1) are given by 

 

 

 

















00

00

00

))(3())(3(
4

1

,)(2))(4)(32(
34

1

,)(2))(4)(32(
34

1

yxz

xyy

yxx

nnnnnnnn

n

nnnnnn

n

nnnnnn

n







                      (7)                                    

In the above system (7),  000000 , vuyvux   

 

CONCLUSION 

In  this  paper,  we  have  made  an  attempt  to  determine  non-zero  distinct   integer  solutions  

to  the non- homogeneous  cubic  equation  with  three  unknowns given by

)12(2 2233  zzyxyx .. As  the  cubic  equations  are   rich  in  variety,  one  may  search  

for  other   forms  of  cubic  equations  with  multiple variables  to  obtain  their  corresponding solutions 

. 
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