International Journal of Research Publication and Reviews Vol (3) Issue (2) (2021) Page 269-275

International Journal of Research Publication and Reviews

Journal homepage: www.ijrpr.com ISSN 2582-7421

WWW.IJRPR.COM

Solvable Pseudo Commutators BCIK-Algebras

S Rethina Kumar

S Rethina Kumar, Assistant Professor, Department of Mathematics, Bishop Heber college, Trichy 620 017. Tamilnadu. India

ABSTRACT

In this paper, Introduced BCIK — algebra and its properties. We investigate the notion of derived sub-algebras and solvable BCIK-algebras are introduced and
some properties are given. We introduce the notion of commutators in BCIK-algebra and also discuss their properties. It has been found that the sub-algebra,
isomorphic image and inverse image of a solvable BCIK-algebra are still solvable BCIK-algebra.
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1. Introduction

In 1966, Y. Imai and K. Iseki [1,2] defined BCK — algebra in this notion originated from two different sources: one of them is based on the set theory the
other is form the classical and non — classical propositional calculi. In [3]. Y.B. Jun and X.L. Xin applied the notion of derivation in ring and near — ring
theory to BCI — algebras, and they also introduced a new concept called a derivation in BCl-algebras and its properties. We introduce combination BCK—
algebra and BCl-algebra to define BCIK-algebra and its properties and also using Lattices theory to derived the some basic definitions, an algebra of type
(1,0), also known as BCIK-algebra, as a generalization the notation of algebra sets with the subtraction set with the only a fundamental, non-nullary
operation and the notion of implication algebra [13,14] on the other hand. This notion is derived using two different methodologies, one of which is based
on set theory and the other on classical and non-classical propositional calculi.

2. Preliminaries

Definition 2.1 BCIK algebra
Let X be a non-empty set with a binary operation * and a constant 0. Then (X, *,0) is called a BCIK Algebra, if it satisfies the following axioms for all x,
y,z€EX:
(BCIK-1) x*y =0, y*x = 0, z*x = 0 this imply that x =y = z.
(BCIK-2) ((x*y) * (y*2)) * (z*x) = 0.
(BCIK-3) (x*(x*y)) *y = 0.
(BCIK-4) x*x =0, y*y =0, z*2 =0.
(BCIK-5) 0*x =0, 0*y =0, 0*z = 0.
* Corresponding author.
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For all x, y, z € X. An inequality < is a partially ordered set on X can be defined x <y if and only if
(x*y) * (y*2) = 0.

Properties 2.2. [5] | any BCIK — Algebra X, the following properties hold for all x, y, z € X:
1) o0ex.
(2) x*0=x.
(3) x*0=0impliesx =0.
(4)  0*(x*y) = (0*x) * (0*y).
(5) X*y=0impliesx=Yy.
(6) X*(0*y) = y*(0*x).
(7) 0*(0*x) =x.
(8) x*y€Xandx € Ximplyy € X.
Q) y)*z=x*27)*y
(10) x*(x*(x*y)) = x*y.
(11) (x*y) *(y*z) = x*y.
(12) 0<x<yforallx,y € X.
(13) x <y implies x*z <y*z and z*y < z*x.
(14) x*y<x.
(15) x*y<zex*z<yforallx,y,z€X
(16) x*a = x*b implies a =b where a and b are any natural numbers (i. €).,a, b € N
(17) a*x =b*x impliesa = b.
(18) a*(a*x) =x.

Definition 2.3. [4,5, 6, 7] Let X be a BCIK — algebra. Then, for all x, y, z € X:
(1) Xis called a positive implicative BCIK —algebra if (x*y) * z = (x*z) * (y*z).
(2) Xiscalled an implicative BCIK — algebra if x*(y*x) = X.
(3) Xiscalled a commutative BCIK — algebra if x*(x*y) = y*(y*x).
(4) Xis called bounded BCIK — algebra, if there exists the greatest element 1 of X, and for any x € X, 1*x is denoted by GGy,
(5) Xiscalled involutory BCIK — algebra, if for all x € X, GGx = X.

Definition 2.4. [5, 7] Let X be a bounded BCIK-algebra. Then for all x, y € X:
(1) G1=0andGO0=1,
(2) GGx<x that GG, = G(Gy),
(3) Ge*Gy<y™x,
(4) y<ximplies Gx< Gy,
(5) Gyry =Gy
(6) GGGy =Gy

Theorem 2.5.[8] Let X be a bounded BCIK-algebra. Then for any x, y € X, the following hold:
(1) Xisinvolutory,
(2) x*y=G,*G,
(3) x*Gy=y*Gy,
(4) x<Gyimpliesy < Gy.

Theorem 2.6.[5] Every implicative BCIK-algebra is a commutative and positive implicative BCIK-algebra.

Definition 2.7. [10,11] Let X be a BCIK-algebra. Then:
(1) Xis said to have bounded commutative, if for any x, y € X, the set A(x,y) = {t € X : t*x <y} has the greatest element which is denoted by x o

Y,
(2) (X, *,<)is called a BCIK-lattices, if (X,<) is a lattice, where < is the partial BCIK-order on X, which has been introduced in Definition 2.1.

Definition 2.8.[11] Let X be a BCIK-algebra with bounded commutative. Then for all x, y, z € X:
(1) ysxo(y*),
(2 (xoz)*(yoz)<x¥,
@) x*y)*z=x*(yoz),
(4) Ifx<y,thenxoz<yoz,
(5) z*x<yez<xoy.
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Theorem 2.9. [12] Let X be a BCIK-algebra with condition bounded commutative. Then, for all x, y, z € X, the following are equivalent:
(1) Xisa positive implicative,
(2) x<yimpliesxoy=y,
(3) xox=x,
(4) (xoy)*z=(x*2)0(y*2),
(5) xoy=xo0(y*x).

Theorem 2.10. [8, 9, 10] Let X be a BCIK-algebra.
(1) If Xis afinite positive implicative BCIK-algebra with bounded and commutative the (X, <) is a distributive lattice,
(2) If Xis a BCIK-algebra with bounded and commutative, then X is positive implicative if and only if (X, <) is an upper semi lattice with x V y =
xoy, foranyx,y € X,
(3) If X'is bounded commutative BCIK-algebra, then BCIK-lattice (X, <) is a distributive lattice, where x A y = y*(y*x) and x V y= G(Gx A Gy).

Definition 2.11. An algebra (X,*,0) Of type (2,0) is called a BCIK-algebra, if it satisfies the following axiom: for all x, y, z € X,
@ (Y x)*(zcY) =0
@ ((xry)*y =0,
(3) X*x=0,
(4) 0*x=0,
(5) X*y=y*x=0 implies x=y

Definition 2.12. A nonempty subset S of a BCIK-algebra X is called a BCIK-sub-algebra of X, if x*y € S. Moreover, a nonempty subset I of a BCIK-
algebra X is called a BCIK-ideal if [15]

0€1

X*y€landy € Iimply x €I forall x,y € X.

Definition 2.13. A mapping f:X—Y is called a homomorphism from X to Y if for any x, y € X, f(x*y) = f(x).f(y) holds.

Definition 2.14. In any commutative BCIK-algebra, the following statements holds:
1) xAx=xVx=x
(2) xV0=0Vx=xA1l=1Ax=x
() xAy=yAx
(4) xVy=yVx
(6) xV1=1Vx=1
6) 0Ax=xA0=0
(7) GGx=x

For any fixed elements a<b of a BCIK-algebra X, the set[a,b] = {x€ X: a<x<b} = { x€X: ax=xb=0}, is called the segment of X[16]. Note that the segment
[0,b] = {x € X: x<b} = {x € X:x*b =0} is called initial. Let I be an ideal of a BCIK-algebra X. Define an equivalence relation ~ on X by x ~y if and only
if x*y, y*x € L.

Definition 2.15. Let C, denote the class of x € X. Then X/I is called the quotient BCIK-algebra of X determined by | with C,*C, = C,», and C,<C, if and
only if x<y, the notion of commutators in BCIK-algebras is considered and some related are obtained[17].

3. Pseudo Commutators in BCIK-Algebras
From now on, for simply in this section X is a BCIK-algebra, unless otherwise is stated.

Definition 3.1. [17] Let X3,Xo,....,xn be elements of X. Then the elements (xiAx2)* (X2 A x;) of X is called Pseudo commutators of x; and x, of weight 2 and
denoted by {x1,x.}. i.e.,

[X1,%2] = (Xa/A X2)* (X2 A X1)
In general, the element [X1,Xa,.....Xa] = [[X1,X2,....,Xn-1],Xn] is @ commutator of weight n>2, where by convention [x1] = X;. A useful shorthand notation is
[X,y1]n = [X,Y,.....,y] n times
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Example 3.2. [17] Let X = {0,1,2,3,4}. Define * by the following table

4. 5.0 [6.1 (7.2 |8.3 |9.4

*

10.0(11.0|12.0|13.0(14.0|15.0
16.1(17.1{18.0|19.1|20.0(21.0
22.2(23.2|24.0|25.0(26.0(27.0
28.3(29.3(30.3|31.3|32.0(33.0
34.4135.4|36.3(37.4(38.1|39.0

Then (X,*,0) is a bounded positive implicative BCl-algebra with the largest element 4, we have [2,4] = 0 #2 = [4,2]. By Definition 3.1. and Example 3.2.,
in the case there [x, y] # [y, x] in BCIK-algebra, so this definition of commutators is not the commutators in the sense of usual commutators of group
theory. Thus the commutators defined in this paper are essentially directed commutators.

Proposition 3.3.[17] The properties of commutators in BCIK-algebra

For any x, y€ X
(1) Ifx<y, then [x,y]=0.
(2) [x,01=[0x]=[xx]=0.
@) xylI*y=0.
(4) [xylI*y=0.

Definition 3.4. [17] Let X4,Xs,......X, be nonempty subset of X. Define the pseudo commutator of subset of X; and X; to be [X1,Xz] = {[X1,Xz]: X1 €X1, X2
€X;]. More generally, X1,Xs,......Xn = [[X1,Xz,.. ..., Xn-1],Xn] where n>2. Furthermore, the subset [X,X] = {[a,b]/a,b € X} of X is called the derived subset

of X. In the general case , the pseudo commutators of X are not a sub-algebra of X.

Example 3.5. Let X = {0,1,2,3,4} and let the * operation be defined by the following table

40.* | 41.0 | 42.1 | 43.2 | 44.3 | 45.4
46.0 | 47.0 | 48.0 | 49.0 | 50.0 | 51.0
52.1 | 53.1|54.0 | 55.0 | 56.0 | 57.0
58.2 | 59.2 | 60.2 | 61.0 | 62.2 | 63.0
64.3 | 65.3 | 66.1 | 67.1|68.0 | 69.1
70.4 | 71.4 | 72.4 | 73.4 | 74.4 | 75.0
Then (X,*,0) is a BCIK-algebra. A = {4) and B = {2) are two subsets of X. However, [A,B] = {[4,2]} = {2}, therefore 2 € [A,B] and 2*2 = 0 is not
member of [A,B], i.e [A,B] is not sub-algebra of X.

Definition 3.5. [X,X] = {I1[a;,bi]:a,bi € X}, where IT product represents a finite number of commutators. [X,X] is called the derived sub-algebras of X and
is denoted by X*. X’ = [X,X] = {[I[aibil:aib; € X}, X> = [X°,X’] = {IT[a;bil:aibi € X°}, X® = [XOD XOD] = {IT[a; bi]:a:b; € XD},

Generally, [X1,Xz] # [X2,X41], we write [X,Y], for [X,Y,....., Y] n times. For any x € X, we have [x,0] = [0,X] = [x,X] = 0. For any two nonempty sub-
algebra A,B of X, so 0 € [A,B], thatis 0 € X".

Example 3.6. Let X = [0,1]. Define * on X by
x*y = 0if xy
X otherwise
Then (X,*,0) is a bounded BCIK-algebra. Let X; = [0,1],X,=[0,1/2],X5=[0,1/3],...... , Xn=[0,1/n].Then [X1,Xz] = [0,2/2],[X2,X1] = [0,1/2], [X1,Xaz,......Xn]
=[0,1/n]. Also for any n>1, there is X = 0.
The notions of pseudo commutators in BCIK-algebra and derived sub-algebra X’ = [X,X] = {[a;,bi]:ai,bi € X} are studied [ ]. In this paper, we geralized
the notion of derived sub-algebra X’ by X’ = [X,X] = {I1[ai,bi]:a;,bi € X}.

Example 3.7. Let the X = {0,a,b,c,d} and (*) operation be the following table.

76. * 77.0 78. a 79.b 80.C 81.D
82.0 83.0 84.0 85.0 86.0 87.0

88.a |89a |90.0 |9l.a |920 93.a

94.b 95.b 96. b 97.0 98.0 99.0

100.c | 101.c | 102.c¢ | 103.c | 104.0 | 105.c
106.d | 107.d | 108.d | 109.b | 110.B | 111.0
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It is not difficult to verify that (X,*,0) is a BCIK-algebra. Consider A = {0,a} and B = {0,c}, then A and B are sub-algebra of X. It is easy to check that
[A,B] = {0} and [B,A] = {0,a}, therefore [A,B] # [B,A]. Now, X’ = {0,a,b} is a sub-algebra of X, but X’ is not an ideal of X because d*b =b € X’ and b
€ X’ but d not belongs to X’. Its initial segments of X are [0,a] = {0,a},[0,b] = {0,b},[0,c] = {0,a,b,c}, [0,d] = {0,b,d}. Hence X’ is not an initial segment
of X.

Remark 3.8. In Example 3.2. ,considering A = {0,2} and B = {0,1,2,3,4}, we see A and B are two ideals of X and [A,B] = {0,1}, but [A,B] is not a sub-
algebra of B.

Theorem 3.9.
(1) X is commutative if and only if X’ = {0},
(2) X’ is sub-algebra of X.

Corollary 3.10. Let (X,*,0) be a commutative BCIK-algebra. If A and B are two subsets of X, then [A,B] = [B,A] = {0}.

Example 3.11. Let X = {0,a,1} and (*) operation be given by the following table

112.* | 113.0 | 114.a | 115.1
116.0 | 117.0 | 118.0 | 119.0
120.a | 121.a | 122.0 | 123.0
124.1 | 125.1 | 126.a | 127.0

Then (X,*,0) is a commutative bounded BCIK-algebra with the largest element 1. Then A = {0,1},
B={0,a} are two sub-algebras of X and [A,B] = [B,A] = {0}.
Example 3.12. Let X = {0,1,2,....,n} and * is given

x*y = 0if x<y
X otherwise
Then (X,*,0) is a bounded positive implicative BCIK-algebra of order n. X’ = {0,1,2,....... ,n-1}, therefore X’ is of order n-1. Also X*” = {0,1,2,........ n-

3}and X® = {0,1,2,.......,n-4},..... XD = {0}.

Theorem 3.12.If Y is a sub-algebra of X, then Y is a sub-algebra of X’.
Proof. Let x € Y. Then there exist a,b € Y such that x = [a,b], but Y contain X, then a,b € X and x = [a,b]. Hence x € X’ and 50 Y’ contain X’. However,
Y’ and X’ are two sub-algebras of X. Therefore Y is a sub-algebra of X.

Theorem 3.13. Let | be an ideal of X. Then X/I are commutative BCIK-algebras if and only if X’ contain I.
Proof. X/I are commutative BCIK-algebra if and only if for all x,y € X, CxA Cy = Cy A Cy if and only if for all x,y € X, Cxay = Cxvy if and only if for all x,
y € X, [x,y]=0 if and only if for all x, y € X, [x,y] *0 € I and 0*[x,y] € I if and only if for all x, y € X, [x,y] € I if and only if X’ contain I.

4. Final Result
Definition 4.1. X is called a solvable BCIK-algebra, if there exists a non-negative real number n such that X®™ = {0}.
Note that if X is a commutative BCIK-algebra, then X is a solvable pseudo commutators BCIK-algebra. Since any plicative BCIK-algebra X is a

commutative BCIK-algebra[18], then X” = {0} for any implicative BCIK-algebra X, so any implicative BCIK-algebra X is a solvable BCIK-algebra.

Example 4.2. [18] Let X = {0,a,b,c,d,e,f,1} and (*) operation be given by the following table

5* | 6.0 7.A | 8b 9.¢c 10.d | 11.e | 12.f | 13.1
14.0 | 15.0 | 16.0 | 17.0 | 18.0 | 19.0 | 20.0 | 21.0 | 22.0
23.a | 24.a | 25.0 | 26.0 | 27.0 | 28.A | 29.0 | 30.0 | 31.0
32.b | 33.b | 34.A | 35.0 | 36.0 | 37.b | 38.a | 39.0 | 40.0
41.c | 42.c | 43.A | 44.a | 45.0 | 46.c | 47.a | 48.a | 49.0
50.d | 51.d | 52.D | 53.d | 54.d | 55.D | 56.0 | 57.0 | 58.0
59.e | 60.e | 61.D | 62.d | 63.d | 64.a | 65.0 | 66.0 | 67.0
68.f | 69.f | 70.E | 71.d | 72.d | 73.b | 74.a | 75.0 | 76.0
77.1 | 78.1|79.¢e |80.e | 8l.d|82c |83a]|84a|850
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It is difficult to verify that (X,*,0) is a bounded BCIK-algebra of order 8. It is easy to check that X’={0,a} and X’ = {0}. So X is a solvable pseudo
commutators BCIK-algebra.

Example 4.3. Let X={x € R: 0<x<1} and (*) operation defined on X by x*y = max{0,x-y}. Then (X,*,0) is a BCIK-algebra. We see that X’ = {0}.
Therefore X is a solvable pseudo commutators BCIK-algebra. But if we define x*y = 0 if xy

x otherwise
Then (X,*,0) is a BCIK-algebra and X™ = [0,1) for any n>1, so X is not a solvable pseudo commutators BCIK-algebra .
Let f be a homomorphism from BCIK-algebras (X,*,0) to BCIK-algebra (Y,*’,0’) and x, y € X. Then f([x,y]) = f(xAy)*(yAx)) = f(xAy)**f(yAx) =
fy*(y* ) Tx*(x*y)=(f(y)** f{y*x))* ()’ f(x*y)) = “({f{y)* {@y)* )™ {x)* ((x)*'f(y)) = EA))*EAY)) = [f(X).fy)]. ie if [xyle
X’ then f([x,y]) = [f(x),f(y)] € Y .

Theorem 4.3. Let f be an isomorphism from X to BCIK-algebra Y. X is a solvable pseudo commutators BCIK-algebra if and only if Y is a solvable
pseudo commutators BCIK-algebra.

Proof. Since f(x) =Y, therefore f(X’) = y’,because if ye f(X’),then there exists axeX’ such that f(x)-y. But xeX’,then there exist a;,b; € X, then there exist
a;,bi € X such that x = I1[a;,b;j]. Consequently f(x) = f(I1[a;,bi]) = [1f]a;,bi] = I1[f(a;),f(b)] =y € Y. So, (X ) Z Y".

Conversely, leth € Y’. Then there exists hj,kj € Y such that h = IT[h;,ki]. However, f is an isomorphism, so there exist a;,b;j € X such that h; = f(a), ki = f(b;).
Thus, h = IT[h;,ki] = II[f(a;),f(bi)] = [ a;,bi]=f(I[ai,bi]) € f(X*). By induction, we can show that f{X™ )= Y™, Since X is a solvable pseudo commutators
BCIK-algebra, there exit n € N such that X™ = {0}. Therefore, {0} = f({0}] = f(X™) = Y®; that is, Y is solvable pseudo commutators BCIK-algebra.
Conversely, let Y be a solvable pseudo commutators BCIK-algebra. Since f(x) = Y, then f(X™) = Y® = {0}, Therefore f(X™) = {0} = f({0}), so X™ =
{0}; that is X is a solvable pseudo commutators BCIK-algebra.

Theorem 4.4. Sub-algebras and homomorphic images of solvable pseudo commutators BCIK-algebra also are solvable pseudo commutators BCIK-
algebra.

Proof. Let Y be a sub-algebra of X. Then for any n € N, Y® is sub-algebra of X™. Since X is a solvable pseudo commutators BCIK-algebra, there exists n
such that X™ = {0} and so Y™ = {0}; that is, Y is a solvable pseudo commutators BCIK-algebra.

Now, let (X,*,0) and (Y,**,0”) be two BCIK-algebra and X be a solvable pseudo commutators BCIK-algebra, f:X—Y be a epimorphism (homomorphismQ
from X to Y. Then for some non-negative real number n, we have f(X®™) = Y™, Hence {0} = f({0}] = f(X™) = Y®. So, f(X™) = Y™ = {0}, that is, Y is a
solvable pseudo commutators BCIK-algebra.

Theorem 4.5. Let | be an ideal of X. If | and X/l are solvable pseudo commutators BCIK-algebra, then X is a solvable pseudo commutators BCIK-
algebra.

Proof. Let f be natural homomorphism from X onto X/I. Since X/I is solvable pseudo commutators BCIK -algebra, so for some n, f(X™) = (X/1)® = {1}.
Hence X® is a sub-algebra of ker(f) = I. By Theorem 4.4., X is solvable pseudo commutators BCIK-algebra. Therefore there exists a positive integer k
such that X9 = (XM® = £0}, That is X is solvable pseudo commutators BCIK-algebra.

Lemma4.6. Let A, B X. Then
1 a'Us c (aUBy,
@ ANBy cA B

Proof. (1). Since A and B are two subsets of (AUB), A’ (AUB) and B> = (AUB)’. Therefore, A’ UB’ < (AUB).

Proof. (2). Since (A[1B)< Aand (A[1B)C B.Then (A[1B)' < A’and (A 1By < B’.So(A[1B) < A’(\B’. In, general, (AUBy z A’UB’
and (A N By ¢ A’ (\B’. For example, in the BCIK-algebra in Example 3.7. consider A = {0,a} and B = {0,c}. Then A’ = {0}, B’ = {0} and (A U B) =
{0.a} ¢ A’UB = {0

Moreover in Example 3.8., consider A= {0,1} and B = {a}, then A’ =B’ = {0} and A’ ﬂ B’

={}zANBy= 9.

Theorem 4.7. The intersection of any two solvable sub-algebra of X, is solvable.

Proof. Let X;jand Xbe the two solvable sub-algebras of X. Since (X;[)Xz)™ < X,™ = {0}. Then (X1[ ) X2)® = {0}, that is (X1[)Xz) is a solvable
pseudo commutators BCIK-algebra.

The above result can be generalized such that the intersection of any arbitrary family of sub-algebras of a solvable pseudo commutators BCIK-algebra, is
again a solvable pseudo commutators BCIK-algebra. However, in general, the union of two solvable pseudo commutators BCIK sub-algebra of a BCIK-
algebra may not be a solvable pseudo commutators BCIK-algebra. For example, consider the BCIK-algebra (N,*,0) together with x*y = max{0,x-y}, for
all x, y € N. Let X; be the sub-algebra of multiples of with the operation * and X, be the sub-algebra of multiples of three with operation *. Observe that
X1 U Xz is not a sub- algebra, because it is not closed under *.

We have only one BCIK-algebra of order one, that is , X={0}, for this algebra X’ = {0}. Also there is a unique BCIK-algebra of order two, that is
X={0,1} with the following operation[6] for this algebra X’ = {0}. Up to isomorphism, there exist only three BCIK -algebra of order 3
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86.* | 87.0 | 88.1
89.0 | 90.0 | 91.0
92.1193.1|94.0

And fourteen BCIK-algebra of order 4 and eight BCIK-algebra of order 5 all being solvable pseudo commutators BCIK-algebra, so all BCIK-algebra with
order less than 6 are solvable pseudo commutators BCIK-algebra.
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